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material response is computed in a geometrically non-linear homogenization analysis. The probabilistic
homogenization is based on the analysis of a large scale statistically representative volume element. The
stochastic information about the scatter in the material response on the lowest possible level is generated
by a subsequent division of the representative volume element in substructures consisting of a single cell
wall intersection and parts of the adjacent cell walls. For each of the substructures, a homogenization
analysis is performed. The results for the local effective stress and strain components are evaluated by
means of stochastic methods. The approach is illustrated by a number of examplary studies on the uncer-
tainty of the effective material response of two-dimensional model foams with linear and non-linear elas-
tic material behavior on the cell wall level of structural hierarchy.
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Solid structural foams are important materials in modern light-
weight construction which are used as core materials for sandwich
structures as well as in other applications. The main advantage of
structural foams is their low speciﬁc weight at reasonable stiffness
and strength levels. The classical ﬁeld for application of lightweight
principles is the aerospace industry. Nevertheless, in the recent
time, an increasing demand for lightweight structures can be ob-
served in other technological ﬁelds, especially in the automotive
industry (Ning et al., 2007), railway technology (Kim et al., 2007)
or the naval industry (Mouritz et al., 2001) where both, regular
honeycomb type cellular structures and micro structurally disor-
dered foams are used. A second important property of solid foams
for structural application is their high energy absorption capacity
due to their high compressibility. In conjunction with the almost
constant stress level during a wide range of compression, this fea-
ture makes solid foams a natural choice for all kinds of shock
absorbing systems such as crash elements in automotive applica-
tion or personal protection systems such as safety helmets etc.
(Boomsma et al., 2003; Mills et al., 2003).
In the industrial design process, the numerical analysis of struc-
tures and components consisting partly or completely of foamed
materials is preferrably performed in terms of the macroscopic
‘‘effective” properties rather than by detailed models of the given
micro structure. The determination of the effective properties canll rights reserved.
x: +49 761 5142 401.
Hohe).be performed either by experimental measurements or, at least
in an assisting manner, by numerical predictions. Theoretical and
numerical approaches play an important role for the identiﬁcation
and description of the underlying microscopic deformation and
failure mechanisms. Furthermore, theoretical and numerical anal-
yses might reduce the experimental expenses during the design
and optimization of materials for speciﬁc applications caused by
extensive testing.
Since the pioneering studies by Gent and Thomas (1963) as well
as by Patel and Finnie (1970) appeared, numerous studies on the
effective properties of foams and other low density cellular solids
have been published. Most theoretical and numerical studies in
this area are based on the analysis of an idealized regular model
for the foam micro structure such as the Kelvin’s (1887) tetrakai-
decahedral foam model used e.g. by Warren and Kraynik (1988)
or the cubic foam model proposed by Gibson and Ashby (1982,
1997). Other important regular periodic micro structural models
used in the homogenization analysis of solid foams are the pentag-
onal dodecahedral cell model proposed by Christensen (1987)
which, in contrast to the models mentioned previously, has the
advantage to yield isotropic results or the more recent four cell
model proposed by Weaire and Phelan (1994) which outperforms
the Kelvin foam model in terms of Kelvin’s (1887) energetic opti-
mality criterion requiring a minimum cell wall surface for a given
cell volume.
The main disadvantage of structural foams is their disordered
micro structure, leading to a distinct scatter in their effective mate-
rial properties and thus to a limited reproducability of experimen-
tal measurements as well as theoretical predictions of their
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cro and macro structural length scales do not differ by several or-
ders of magnitude, as e.g. for metal foams with large cell sizes in
the range of several millimeters used in sandwich structures with
core thicknesses in the range of several centimeters, the probabilis-
tic nature of the foam micro structure and thus the scatter in the
effective properties are no longer negligible. In experimental stud-
ies by Blazy et al. (2004) as well as by Ramamurty and Paul (2004),
it has been shown that uncertainty effects can be observed even for
metal foams with less disordered micro structures. In this context,
the most important stochastic parameter on the micro scale is the
local relative density.
In order to account for the micro structural disorder of solid
foams, a number of specialized homogenization approaches has
been developed in the recent decade. Most of these studies are
based on the computational generation and subsequent homogeni-
zation of a representative volume element with random micro
structure using different versions of the Voronoï (1908) process.
Approaches of this type have been used, among others, by Chen
et al. (1999) for two-dimensional model foams featuring different
types of imperfections, by Huyse and Maes (2001) or by Roberts
and Garboczi (2002) who studied the effective elastic behavior of
open cell foams where the occurrence of partially closed cell win-
dows forms an additional micro structural geometric uncertainty.
All of the mentioned approaches are based on a single analysis of
a large scale representative volume element. Hence, they are capa-
ble to the determination of the mean macroscopic material re-
sponse, whereas the scatter is not accessible. In order to assess
the scatter, Shulmeister et al. (1998) as well as Zhu et al. (2000)
performed a limited number of repeated executions of the genera-
tion and analysis of random computational models for foam micro
structures using the Voronoï technique. The latter study also pro-
vides a ﬁrst attempt for a systematic analysis of the effects of micro
structural geometric uncertainties on the material uncertainties on
the macroscopic level of structural hierarchy.
An alternative route to the use of the Voronoï (1908) procedure
in its original and subsidary versions has been proposed by Daxner
et al. (2000) as well as by Hohe and Becker (2005), using random-
ized regular foam models. In the latter study, a large number of re-
peated executions is employed to generate the stochastic
information about the scatter which is assessed in terms of the ba-
sic stochastic parameters. As an alternative to the previously men-
tioned numerical approaches based on random number
generation, Fortes and Ashby (1999) have proposed the use of di-
rect probabilistic methods based on the analysis on the probability
of the orientation of individual micro structural elements. Similar
approaches have been used by Cuitiño and Zheng (2003) using a
Taylor averaging technique and by Hall (1993) as well as by War-
ren and Kraynik (1997) using an orientation averaging approach
based on the assumption of equal probability for all orientations
of a simpliﬁed foam model in space.
For the homogenization analysis of randomly heterogeneous
two-phase materials such as particle reinforced composites, a dis-
tinct body of literature exists. Among the numerous studies, only a
few contributions should be mentioned which are of special inter-
est for the problems the present study is concerned with. Ostoja-
Starzewski (2006) has provided a comprehensive study on the size
effect of the considered micro structural volume elements con-
cerning different types of particle composites. Special interest is di-
rected to the necessary size of the volume element in order to
provide statistically representative results. A similar topic has been
analyzed by Kanit et al. (2003) as well as by Lachihab and Sab
(2005) concerning different types of particle aggregates. A compre-
hensive overview over concepts for homogenization of random
media is provided in a recent book by Torquato (2002). Neverthe-less, in the mechanics of foamed materials, rigorous stochastic
methods have not widely been used.
Disadvantage of all approaches in the mechanics of foams men-
tioned previously is the problem that the scatter of the results and
thus the uncertainty of the effective properties can only be as-
sessed if the entire sequence of random generation of a computa-
tional model for the micro structure and the subsequent
homogenization analysis is executed repeatedly in order to obtain
the statistical information. In this context, it has to be noticed that
the observed scatter strongly depends on the sample size due to
self-averaging effects, resulting in the problem that for large sam-
ples the scatter can be predicted from the known scatter observed
for small samples, whereas a reverse analysis is impossible. On the
other hand, the use of small scale computational models for the
micro structure with a limited number of pores might suppress a
number of important interaction effects of neighboring cells such
as the occurrence of a single large cell surrounded by a large num-
ber of cells much smaller in size due to the geometric restrictions.
In order to obtain the scatter on the lowest meaningful level
and to circumvent the geometric restrictions imposed by the use
of small computational foam models, the present study proposes
an alternative approach for the probabilistic homogenization anal-
ysis of two-dimensional model foams, similar to the method used
by Lachihab and Sab (2005) for particle composites. To avoid the
restrictions of small scale models, a large scale, statistically repre-
sentative volume element is employed. The corresponding random
micro structure is generated by means of a Voronoï tesselation in
Laguerre geometry (Fan et al., 2004) for which the best perfor-
mance towards the reliable automatic generation of realistic foam
models was observed. Subsequently, a ﬁnite element model for the
micro structure is generated and its deformation behavior is ana-
lyzed under homogeneously distributed prescribed effective strain
states. For evaluation purposes, the representative volume element
is subdivided into a number of substructures consisting of a single
cell wall intersection and half of the adjacent cell walls. For these
substructures the effective stress and strain components are deter-
mined using a strain energy based homogenization concept. The
results are evaluated statistically in terms of the resulting proba-
bility distributions for the local effective stress and strain compo-
nents and the corresponding stochastic parameters.
2. Strain energy based homogenization procedure
The numerical homogenization of the foam micro structures in
the present study is performed by means of a general strain energy
based concept. Since the procedure has been derived and been em-
ployed previously (see Hohe and Becker, 2005), only a brief outline
is presented here for a concise presentation.
Consider a mechanical body X according to Fig. 1. The body is
assumed to be bounded by the external boundary @Xu [ @Xt. On
@Xu, the displacement components ui are prescribed whereas the
components rijnj ¼ ti of the traction vector ti are given on @Xt. In
addition to the prescribed tractions ti on the external surfaces,
the body X might be loaded by distributed body loads fi. The body
is assumed to consist of a material with a cellular micro structure.
For an efﬁcient structural analysis on the effective level, the body X
has to be replaced by a body X with the same shape and dimen-
sions, bounded by the same external boundaries @Xu and @Xt.
The replacement body X has to be subject to similar distributed
loads f i as well as to similar prescribed surface tractions t

i and
similar prescribed displacements ui on the respective portions of
the external surfaces as the original body X. In contrast to the ori-
ginal body X, the artiﬁcial replacement body X is assumed to con-
sist of the quasi homogeneous ‘‘effective” medium with yet
unknown properties.
Fig. 1. Homogenization.
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depend on the spatial position within the body, at least in a statis-
tical manner on the mesoscopic level of structural hierarchy, the
consideration of a representative volume element XRVE for the gi-
ven micro structure is sufﬁcient for determination of the properties
of the quasi homogeneous effective medium. The characteristic
dimension l > dl of the representative volume element XRVE has
to be large enough so that the volume element is statistically rep-
resentative for the entire micro structure of the body X in order to
account for all possible micro structural effects. On the other hand,
the dimension l of the representative volume element has to be
smaller than the characteristic dimension L of the entire body X
on the macroscopic level. The representative volume element
XRVE has to be replaced by a similar volume element XRVE consist-
ing of the effective medium. In this context, the properties of the
effective medium have to be chosen such that the mechanical re-
sponse of the two volume elements XRVE and XRVE is equivalent
on the mesoscopic level of structural hierarchy.
Different conditions have been proposed for deﬁnition of the
mesoscopic mechanical equivalence of the two volume elements
XRVE and XRVE. Within the approach used in the present study, it
is assumed that the mechanical response of both volume elements
is equivalent, if the average strain energy density
w ¼ 1
VRVE
Z
XRVE
wdV ¼ 1
VRVE
Z
XRVE
wdV ¼ w ð1Þ
in both volume elements is equal, provided that both volume ele-
ments are subject to a deformation which is mesoscopically equiv-
alent. Mesoscopic equivalence of the deformation of both volume
elements is assumed, if the volume averages
Fij ¼ 1
VRVE
Z
XRVE
FijdV ¼ 1
VRVE
Z
XRVE
FijdV ¼ Fij ð2Þ
of the components of the deformation gradient in both volume ele-
ments are equal. Subsequently, the effective stress and strain com-
ponents can be determined from the components Fij ¼ ui;j þ dij of
the effective deformation gradient and the effective strain energy
density w using their deﬁnitions on the mesoscopic level. Hence,
the components of the effective Green-Lagrange strain tensor are
given by
cij ¼ 12 ðFkiFkj  dijÞ ð3Þ
whereas the components of the effective second Piola-Kirchhoff
stress tensor are deﬁned by the derivative
sij ¼ @
w
@cij

dcpl
ij
¼0
 D w
Dcij

Dcpl
ij
¼0
0
@
1
A ð4Þ
of the effective strain energy density with respect to the corre-
sponding effective strain components. Alternatively, all otherappropriate pairs of energy conjugate strain and stress measures
might be used.
In its basic form, the numerical execution of the homogeniza-
tion procedure deﬁned by Eqs. (1)–(4) requires the following four
steps:
 identiﬁcation of an appropriate representative volume element,
 deformation of the representative volume element according to
the effective deformation Fij corresponding to the desired effec-
tive strain cij linked by Eq. (3),
 computation of the average strain energy density w within the
representative volume element for the desired effective strain
state cij and neighboring strain states cij þ Dcij,
 computation of the effective stresses sij using Eq. (4).
In this context, the structural analysis of the representative vol-
ume element can be performed by any suitable method. Within the
present study, the ﬁnite element method is employed.
3. Computational foam models
3.1. Division of space
For the random generation of computational models for the mi-
cro structure of solid foams, different strategies for the division of
space have been proposed. Most of these procedures are based on a
Voronoï (1908) tesselation of a representative volume element
with different modiﬁcations. The Voronoï process is a two-step
procedure. In the ﬁrst step a number of nucleation points is gener-
ated at random spatial positions within the modeled volume or
area. In the second step, the cellular micro structure is created from
the positions of the nuclei.
In the original form of the Voronoï procedure, the spatial posi-
tion of the nuclei is assumed to be uncorrelated so that each nucle-
ation point can be positioned anywhere within the modeled area
with an equal probability of each position. In the two-dimensional
case, the cell belonging to the ith nucleation point pðiÞ at the spacial
position xðiÞ1 , x
ðiÞ
2 is subsequently deﬁned by all spacial points p at
the positions x1, x2 for which the Euclidean distance
rEðp;pðiÞÞ ¼ x1  xðiÞ1
 2
þ x2  xðiÞ2
 2 12
ð5Þ
is smaller than the Euclidean distance rEðp;pðjÞÞ to all other nuclei
pðjÞ with i–j. Thus, the area AðiÞ belonging to nucleation point pðiÞ
is deﬁned by
AðpðiÞÞ ¼ fpjp 2 R2; rEðp;pðiÞÞ < rEðp; pðjÞÞ; j–ig; i; j ¼ 1; . . . ; n ð6Þ
where n is the total number of nucleation points (see Fig. 2(a)).With-
out any additional constraining conditions, the Voronoï tesselation
according to Eqs. (5) and (6) leads to a C-distribution of the cell size
Fig. 2. Division of space.
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tion (see Fan et al., 2004). Furthermore, due to the frequent occur-
rence of slender narrow cells, the obtained micro structures do not
complywith Kelvin’s (1887) optimality criterion requiring the devel-
opment of amicro structure with theminimumpossible cell surface.
A simple enhancement of the C-Voronoï process towards the
generation of improved foam models is the introduction of a min-
imum permitted distance rminE 6 rEðpðiÞ; pðjÞÞ between the individual
nucleation points. This d-Voronoï process in general generates im-
proved computational models for the micro structure of solid
foams. Nevertheless, the results are still suboptimal.
A distinct improvement is made by using a Voronoï tesselation
in Laguerre geometry as proposed by Fan et al. (2004). The basic
idea of this procedure consists in the use of the Laguerre distance
rLðp;pðiÞÞ ¼ rEðp;pðiÞÞÞ2  ðrðiÞÞ2
 1
2 ð7Þ
instead of the Euclidean distance rEðp; pðiÞÞ deﬁned by Eq. (5). In Eq.
(7), the radii rðiÞ deﬁne ﬁxed circumcircles associated with the
nucleation points pðiÞ, which are not permitted to overlap (see
Fig. 2(b)). In a similar manner as before, the area of the cell belong-
ing to nucleus pðiÞ is deﬁned by
AðpðiÞÞ ¼ fpjp 2 R2; rLðp;pðiÞÞ < rLðp; pðjÞÞ; j–ig; i; j ¼ 1; . . . ;n ð8Þ
where the Laguerre distance rLðp;pðiÞÞ according to Eq. (7) is used in-
stead of its Euclidean counterpart rEðp;pðiÞÞ. The Voronoï tesselation
in Laguerre geometry in general provides reliable computational
foam models in terms of Kelvin’s (1887) energetic optimality crite-
rion as well as in terms of the type of the cell size distribution.
In the present study, both, the d-Voronoï tesselation as well as
the Voronoï tesselation in Laguerre geometry are employed. In or-
der to avoid difﬁculties with unrealsitic deformation constraints
along the external boundaries of the representative volume ele-
ments, periodic micro structures are generated. For this purpose,
n nucleation points are generated within the area of a rectangular
representative volume element with the dimensions l1 and l2.
Assuming that the entire micro structure consists of an inﬁnite
periodic array of similar volume elements, the nuclei are dupli-
cated into the neighborhood of the modeled representative volume
element shifting the positions of the duplicates by l1 and l2,
respectively, into the eight neighboring volume elements of the
inﬁnite array forming the entire micro structure. In this context,
care has to be taken in order to ensure that the distance constraints
are also satisﬁed across the external boundaries of the volume ele-
ments. Subsequently, the cells forming the foam micro structureare generated by means of the respective procedure and the cell
walls are cut at their intersections with the boundaries of the rep-
resentative volume element with its neighborhood. Two examples
for computational foam models generated by a periodic d-Voronoï
tesselation of the representative element and by a periodic Voronoï
tesselation in Laguerre geometry consisting of 512 cells are illus-
trated in Fig. 3(a) and (b), respectively.
3.2. Finite element discretization
The structural analysis of the computational foam models is
performed numerically using the ﬁnite element method. For this
purpose, the foammicro structure is meshed by shear ﬂexible Tim-
oshenko beam elements with a linear interpolation of both, dis-
placements and rotations. The beam elements are assumed to be
of rectangular cross section with unit out-of-plane thickness and
uniform thickness twithin the x1=x2-plane. The thickness t is deter-
mined such that the prescribed relative density q of the foam struc-
ture is obtained. To ensure convergent results even in cases, where
deformation localizations might develop, a maximum element
length in the order of 10% of the average cell wall length is permit-
ted. The material constitutive relation and the corresponding mate-
rial parameters of the cell wall material are chosen according to the
requirements of the speciﬁc type of foam under consideration. The
numerical analysis is performed within the geometrically non lin-
ear framework, since large rotations of the individual struts of
the foam will frequently develop under macroscopic loads in the
compressive range due to buckling effects.
Assuming homogeneously distributed macroscopic reference
strain states, the representative volume element is subjected to
periodic boundary conditions. These conditions demand that the
microscopic displacement gradients along corresponding external
surfaces on opposite sides of the representative volume element
have to be equal, ensuring micro structural continuity even in
the deformed conﬁguration. For the special case of a two-dimen-
sional rectangular representative volume element with the dimen-
sions l1 and l2 within the x1- and x2-directions, respectively, where
the lower left corner coincides with the origin of the cartesian sys-
tem xi, the conditions
ui;1jx2¼0 ¼ui;1jx2¼l2 ; i ¼ 1;2 ð9Þ
u3;1jx2¼0 ¼u3;1jx2¼l2 ð10Þ
ui;2jx1¼0 ¼ui;2jx1¼l1 ; i ¼ 1;2 ð11Þ
u3;2jx1¼0 ¼u3;2jx1¼l1 ð12Þ
Fig. 3. Representative volume elements (512 cells).
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tively. For the use in the ﬁnite element analysis of the computa-
tional foam model, Eqs. (9)–(12) are rewritten to a discretized
form by substituting the continuous partial derivatives with their
numerical counterparts using ﬁnite differences between adjacent
nodes on the external surfaces of the representative volume
element.
For application within a ﬁnite elemet analysis, Eqs. (9)–(12) can
be rewritten using the kinematic equivalence condition (2). Trans-
formation of the area integral occurring in the two-dimensional
equivalent of this condition into a boundary integral by means of
Green’s theorem yields
Fij ¼ 1
ARVE
Z
@A
uinjdsþ dij ð13Þ
where nj are the components of the outward normal unit vector on
the boundary @A of the two-dimensional representative volume ele-
ment. If the displacements and rotations between the boundary
nodes are interpolated linearly, the integral in Eq. (13) can be eval-
uated resulting in the discrete periodic boundary conditions (see
e.g. Hohe and Becker, 2005). Together with three additional condi-
tions to constrain possible rigid body motions of the representative
volume element, the discrete periodicity conditions form a com-
plete set of displacement boundary conditions in terms of the com-
ponents Fij of the prescribed effective deformation gradient.
4. Local probabilistic approach
Previous approaches for the probabilistic analysis of the effec-
tive material properties of solid foams are either based upon the
single analysis of large scale, statistically representative volume
elements, or the repeated multiple analysis of small scale testing
volume elements in a large number of numerical experiments. In
the ﬁrst case, only limited information is provided about the scat-
ter and the uncertainty of the results whereas in the latter case,
problems may arise due to the exclusive consideration of small
scale, statistically non representative micro structures for which
the occurrence of several long range effects such as the occurrence
of single large cells surrounded by an excessive number of small
cells might be suppressed by the computational modeling.To comply with these problems, an alternative route is pro-
posed in the present study. For this purpose a medium to large
scale statistically representative volume element is considered.
For the statistical evaluation the volume element is subdivided into
a number of non representative small scale substructures or test-
ing volume elements. Each of the testing volume elements consists
of a single cell wall intersection and half of the three adjacent cell
walls (see Fig. 4). Thus, the entire representative volume element is
formed as the assembly of all testing volume elements. The testing
volume elements deﬁned in this manner provide the smallest rea-
sonable structures for a homogenization analysis.
Based on the subdivision of the statistically representative vol-
ume element into the testing volume elements, a probabilistic
homogenization analysis is performed, consisting of the following
four steps:
 generation of an appropriate large scale computational foam
model,
 numerical analysis of the deformation behavior of the represen-
tative volume element under a prescribed macroscopic state of
deformation Fij corresponding to a prescribed effective strain
state cij,
 local homogenization analysis for determination of the local
effective stress and strain states on the level of the testing vol-
ume elements,
 stochastic assessment of the results.
In the stochastic analysis, care has to be taken, since, due to
their structure dependent deﬁnition, the testing volume elements
intersected by the external surfaces of the representative volume
element consist of two or more non consecutive parts located
along opposite external surfaces. Since the testing volume ele-
ments deﬁned according to Fig. 4 form the smallest meaningful
substructures of the representative volume element, the proposed
probabilistic homogenization procedure provides the stochastic
information on the scatter in the effective material behavior on
the lowest possible level. Alternatively, the probabilistic analysis
of the scatter in the effective material response can be performed
on higher levels, using testing volume elements of larger sizes,
e.g. by combining adjacent testing volume elements.
Fig. 4. Testing volume elements.
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homogenization on the level of the testing volume elements is per-
formed in a similar manner as for the entire representative volume
element. According to Fig. 4, each testing volume element is de-
ﬁned by six nodes where the local nodes no. 4, 5 and 6 are the mid-
side nodes of the corresponding cell walls. The dummy nodes no. 1,
2 and 3 are non structural nodes which have to be associated with
the respective Voronoï cell in a unique manner. An appropriate def-
inition for the position of a dummy-node is constituted by the
weighted average of the positions of the cell wall intersections of
the corresponding Voronoï cell. In this context, the position of each
intersection is weighted by the length of the adjacent cell walls
belonging to the considered Voronoï cell. In analogy, the displace-
ments of the dummy nodes are deﬁned as the weighted averages of
the displacements of the respective cell wall intersections.
For each of the testing volume elements, the local effective
stress and strain components are determined using a local version
of Eqs. (1)–(4) and (13) related to the area XTVE of the testing vol-
ume element instead of the area XRVE of the entire representative
volume element. For any externally applied macroscopic strain
state cij, the corresponding local effective strain components cTVEij
for all individual testing volume elements are determined by
rewriting Eq. (13) into the form
FTVEij ¼
1
ATVE
Z
@XTVE
uinjdsþ dij ð14Þ
deﬁned on the testing volume element level. For each of the testing
volume elements, the displacement components ui along the
boundaries of the testing volume element are interpolated linearly
from the displacements of the local nodes 1 to 6 (see Fig. 4) which
are determined in the ﬁnite element analysis of the entire represen-
tative volume element. Subsequently, the components FTVEij of the
local effective deformation gradient can be computed using Eq.
(14). From the effective deformation gradient, the components
c TVEij of the local effective Green-Lagrange strain tensor are obtained
by using its deﬁnition (3).
Subsequently, the components sTVEij of the local effective second
Piola-Kirchhoff stress tensor are determined using Eq. (4). For
purely hyperelastic materials without any dissipative effects, Eq.
(4) can be rewritten as
dwTVE ¼ sTVEij dcTVEij ; i; j ¼ 1;2 ð15Þ
on the testing volume element level. By substituting the inﬁnitesi-
mal increments dcTVEij and d wTVE of the local effective strain compo-nents and the local effective strain energy density with their ﬁnite
counterparts for a numerical evaluation, the approximate relation
DwTVE  sTVE11 DcTVE11 þ sTVE22 DcTVE22 þ 2sTVE12 DcTVE12 ð16Þ
is obtained for the two-dimensional case.
In order to employ Eq. (16) for determination of the local effec-
tive stress components sTVEij , the change D wTVE of the average strain
energy density of the respective testing volume element in the case
of changes DcTVEij has to be computed. For this purpose, the average
strain energy density wTVE and the local effective strain compo-
nents c TVEij for each testing volume element are determined for
the considered (applied) macroscopic effective strain state cð0Þij as
well as for three neighboring strain states
cðkÞij ¼ cð0Þij þ DcðkÞij ; k ¼ 1;2;3 ð17Þ
which have to be linearly independent from each other. For each of
the macroscopic strain states, the corresponding local effective
strain components cTVEðkÞij as well as the local average strain energy
densities wTVEðkÞ with k ¼ 0; . . . ;3 are computed. Subsequently, the
ﬁnite differences
DcTVEðkÞij ¼ cTVEðkÞij  cTVEð0Þij ; k ¼ 1;2;3 ð18Þ
DwTVEðkÞ ¼ wTVEðkÞ  wTVEð0Þ; k ¼ 1;2;3 ð19Þ
for the local effective stain components c TVEij and the corresponding
local average strain energy density wTVE are computed. Since Eq.
(16) has to be satisﬁed for all three differences Dw TVEðkÞ, the follow-
ing system of equations is obtained:
DcTVEð1Þ11 Dc
TVEð1Þ
22 2Dc
TVEð1Þ
12
DcTVEð2Þ11 Dc
TVEð2Þ
22 2Dc
TVEð2Þ
12
DcTVEð3Þ11 Dc
TVEð3Þ
22 2Dc
TVEð3Þ
12
0
BB@
1
CCA
sTVE11
sTVE22
sTVE12
0
B@
1
CA ¼
DwTVEð1Þ
DwTVEð2Þ
DwTVEð3Þ
0
B@
1
CA ð20Þ
By a solution of this system, the corresponding local effective stress
components sTVEij corresponding to the local effective strain state
cTVEij ¼ cTVEð0Þij are obtained.
In the case of a linear elastic cell wall material and small defor-
mations, the analysis of the effective material response in terms of
the local effective stress–strain response deﬁend by the Green-La-
grange strain components cTVEij and the corresponding local effec-
tive second Piola-Kirchhoff stress components sTVEij can be
replaced by a simpliﬁed analysis in terms of the components
C TVEij of the local effective stiffness matrix interrelating the effec-
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components eTVEij of the inﬁnitesimal strain tensor according to
rTVE11
rTVE22
rTVE12
0
B@
1
CA ¼
CTVE11 C
TVE
12 C
TVE
16
CTVE22 C
TVE
26
ðsym:Þ CTVE66
0
B@
1
CA
eTVE11
eTVE22
2eTVE12
0
B@
1
CA: ð21Þ
In this case the local average strain energy density is directly related
with the local effective stress and strain components by
wTVE ¼ 1
2
rTVEij e
TVE
ij : ð22Þ
Substituting the stress components in this expression with Eq. (21)
yields an expression for the local average strain energy density in
terms of the local effective strain components eTVEij and the local
effective stiffness components CTVEij . Based on this expression, simi-
lar to Eq. (20), a linear system of equations can be derived for the
local effective stiffness components, if six linearly independent
macroscopic strain states are considered.
Care has to be taken when solving this system or the system
(20) since the conditioning of the respective matrices can be poor
in cases, where similar local effective strain states develop even for
independent applied macroscopic strain states due to the activa-
tion of energetically preferred local states of deformation as it
might happen especially in the postbuckling range under compres-
sive external loading conditions. To avoid problems with the
resulting ‘‘noisy” solutions, an adaptive scheme is used, where
prior to the solution of the respective system, the conditioning
of the matrices is checked. In cases where large condition
numbers indicate the risk of non feasable, numerically unstable
solutions, an alternative set of macroscopic effective strain states
is applied.
The stochastic assessment of the results on the local effective
stress and strain components sTVEij and eTVEij (or the effective stiff-
ness components CTVEij ) is performed in terms of the corresponding
cumulative probability distributions FðxÞ where x is the respective
random variable. For determination of the (cumulative) probability
distributions, the numerical results of the respective random vari-
able (local effective strain, stress or stiffness component) are rear-
ranged into ascending order. Subsequently, a cumulative
probability of
FðxiÞ ¼
i 12
q
; i ¼ 1; . . . ; q ð23Þ
where q is the total number of values for the random variable is as-
signed to the ordered set of variables xi. The corresponding proba-
bility density distributions would be obtained as the partial
derivatives of the probability distributions with respect to the ran-
dom variable. In addition, the average of the mechanical ﬁeld quan-
tity under consideration and the corresponding scatter can be
assessed in terms of the expectation value
EðxÞ ¼
Xq
i¼1
xiPðxiÞ ð24Þ
and the variance
VðxÞ ¼
Xq
i¼1
EðxÞ  xið Þ2PðxiÞ ð25Þ
respectively, where PðxiÞ is the individual probability for the occur-
rence of the result xi. Assuming a uniform distribution for the indi-
vidual data xi, an equal individual probability of PðxiÞ ¼ 1=q is
assigned to all xi. As the ﬁrst moment and the second central mo-
ment of the probability distribution, the expectation value EðxÞ
and the Variance VðxÞ form the most important stochastic
parameters.5. Results
5.1. Convergence
Prior to the application of the probabilistic homogenization
scheme proposed in Section 4, a study of convergence concerning
the necessary number of Voronoï cells is performed. For this pur-
pose, different computational foam models with a total number
of q ¼ 16, 32, 64, 128, 256 and 512 cells are generated using the
Voronoï tesselation in Laguerre geometry. The foam models are
subjected to three different effective strain states on the macro-
scopic level, including a uniaxial compresive strain state with
c11 ¼ 0:025, a uniaxial tensile strain state with a larger applied
strain level of c11 ¼ 0:1 and a pure shear strain state with
c12 ¼ 0:05. All other effective strain components are assumed to
vanish. The analysis is performed within the geometrically non-lin-
ear framework assuming an Ogden-type hyperelastic material on
the cell wall level.
The results for the three different applied strain states are pre-
sented in Fig. 5(a) to (c), respectively. In all three ﬁgures, the prob-
ability distribution Fðc TVEij Þ of the local effective strain component
cTVEij corresponding to the non-vanishing component cij of the
respective applied strain state is plotted as a function of the local
effective strain component. In all three cases, rough estimates of
the probability distributions can be obtained with small numbers
q of Voronoï cells in the computational foam models. For medium
numbers q, these estimates might already be sufﬁcient for a con-
vergent analysis of the expectation values EðcRVEij Þ and the corre-
sponding variances VðcRVEij Þ. Nevertheless, sufﬁcienty smooth
graphs of the probability distributions require cell numbers of
q ¼ 500 or beyond. Similar results are obtained for the probability
distributions related to the other local effective strain components
cTVEij and the corresponding local effective stress components sTVEij .
Hence, all subsequent computations, whether based on a Vor-
onoï tesselation in Laguerre geometry or a d-Voronoï tesselation
are performed with a number of 512 Voronoï cells and thus 1024
testing volume elements. The corresponding model sizes are sufﬁ-
ciently large in order to guarantee the occurrence of all essential
micro structural features within the representative volume ele-
ment. On the other hand, with this model size, the analyses can
still be performed in a numerically rather efﬁcient manner. Exam-
ples for the corresponding micro structures consisting of 512 Vor-
onoï cells obtained by a d-Voronoï tesselation and a Voronoï
tesselation in Laguerre geometry have been presented in Fig. 3(a)
and (b), respectively.5.2. Effective stiffness components
In a ﬁrst application, the proposed local probabilistic homogeni-
zation scheme is applied to an analysis of uncertainty effects in the
effective stiffness components of linear elastic foams. As a cell wall
material, aluminum with a Young’s modulus of E ¼ 70 GPa and a
Poisson’s ratio of m ¼ 0:3 is assumed. Based on the results of the
study of convergence described in Section 5.1, the computational
model of the micro structure is generated by means of a Voronoï
tesselation in Laguerre geometry, using 512 cells. The parameters
of the underlying prescribed size distribution of the circular areas
associated with the individual nuclei are varied so that a wide
range of micro structural degrees of disorder is investigated. As a
measure for the micro structural degree of disorder, the variance
VðA=A0Þ of the cell size A normalized with the average cell size
A0 ¼ A RVE=n is employed. The cell wall thickness is adapted such
that a constant relative density of q ¼ 0:05 (average over the entire
representative volume element) is obtained for all computational
foam models in the study.
Fig. 5. Study of convergence: (a) uniaxial compressive strain, (b) uniaxial tensile strain and (c) pure shear strain.
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ishing normal stiffness components CTVE11 and C
TVE
22 , the in-plane cou-
pling stiffness CTVE12 as well as the shear stiffness C
TVE
66 according to
Eq. (21) are presented in Fig. 6(a) to (d), respectively. Three differ-
ent degrees VðA=A0Þ of micro structural disorder are considered,
ranging from medium to highly disordered foams. The expectation
value EðCTVEij Þ and the variance VðCTVEij Þ of the non vanishing stiff-
ness components are presented in Fig. 7(a) to (d), respectively, in
dependence on the degree VðA=A0Þ of micro structural disorder.
In addition, a comparison of the results based on computational
models obtained by a Voronoï tesselation in Laguerre geometry
with results based on models obtained by a d-Voronoï process is
included in Fig. 7.
For all four non vanishing effective stiffness components CTVEij ,
high levels of uncertainty indicated by distinct scatter band widths
are observed even for medium or low degrees VðA=A0Þ of micro
structural disorder (see Fig. 6). In the case of the normal stiffness
components CTVE11 and C
TVE
22 , the wide range of the individual stiff-
ness values is caused by the activation of different deformation
mechanisms on the microscopic level. For testing volume elements
with preferred cell wall orientation within the loading direction,
the microscopic mechanism of deformation consists mainly of
stretching of the cell walls within their longitudinal direction.
Since cell wall stretching is a mode of deformation involving high
local strain energy densities, a stiff behavior of the corresponding
elements is obtained. If, on the other hand, the cell walls of a spe-
ciﬁc testing volume element are preferrably orientated perpendic-
ular to the loading direction, a soft effective behavior is obtained
due to the activation of a microscopic mode of deformation related
mainly to cell wall bending and thus requiring low amounts of
work for signiﬁcant deﬂections. Especially for micro structures fea-
turing high levels of micro structural disorder, the probability of
the occurrence of testing volume elements with extreme orienta-
tion of their micro structure increases resulting in the observed
large scatter band widths. On the other hand, the expectation val-
ues of the normal stiffness components CTVE11 and C
TVE
22 are not af-
fected by the micro structural disorder in terms of increasingvariances VðA=A0Þ of the cell size distribution as it is observed in
Figs. 6 and 7(a) and (b), respectively.
A contrary observation can be made for the in-plane coupling
stiffness CTVE12 where an increasing micro structural disorder leads
not only to an increasing scatter bandwidth but also to a decreasing
expectation value EðCTVE12 Þ. In a similar manner, the expectation va-
lue EðC TVE66 Þ and thus the mean effective shear stiffness increases
with increasing degree VðA=A0Þ of micro structural disorder. For
increasingly disorderedmicro structures, the probability of cell wall
orientations which require longitudinal stretching or compression
under macroscopic shear deformation increases. Thus, the average
effective shear stiffness increases with an increasing variance of the
cell size distribution, compared to the extreme case of a perfectly
regular hexagonal micro structure, where the underlying micro
structural mechanism of deformationwould be pure cell wall bend-
ing as it has been shown by Gibson and Ashby (1997).
Especially for the case of the effective local shear stiffness CTVE66
and, in a limited manner, for the in-plane effective local coupling
stiffness C TVE12 , asymmetric probability distributions FðCTVEij Þ are ob-
served (see Fig. 6), featuring an increasing skewness with increas-
ing degree of micro structural disorder. This effect emphasizes that
a probabilistic assessment in terms of the expectation or mean va-
lue EðxÞ and variance VðxÞ or the standard deviation alone might be
insufﬁcient, since the underlying probability distributions are
essentially not of the Gaussian type and hence cannot be character-
ized completely in terms of two the basic probabilistic parameters.
For a further assessment of the strategies for the division of
space used for the generation of the computational foam models,
results based on foam models based on a d-Voronoï tesselation
are added to Fig. 7. For low degrees of micro structural disorder,
the results prove to be identical to the results based on the favored
Voronoï tesselation in Laguerre geometry. On the other hand,
increasing differences between the results based on the two com-
peting space division strategies are observed in all cases, where the
respective stochastic parameters EðCTVEij Þ and VðCTVEij Þ are dependent
on the degree VðA=A0Þ of micro structural disorder. In this context,
strong effects are observed especially for the variances. Neverthe-
Fig. 6. Local effective stiffness components, probability distributions: (a) normal stiffness C11, (b) normal stiffness C22, (c) normal coupling stiffness C12 and (d) shear stiffness
C66.
Fig. 7. Local effective stiffness components, expectation values and variances: (a) normal stiffness C11, (b) normal stiffness C22, (c) normal coupling stiffness C12 and (d) shear
stiffness C66.
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noticed that the increase would be less dramatic, if the standard
deviation as the square root of the variance would have been used
instead.In order to investigate the reasons for the different results ob-
tained for both space division strategies, a more detailed compar-
ison is made for the case of two speciﬁc micro structures, featuring
an identical degree of micro structural disorder in terms of the
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representative volume elements are presented in Fig. 8(a) and
(b), respectively. As it is observed in Fig. 8(c), both micro structures
feature an identical cell size distribution except some minor scat-
tering differences caused by the fact that a ﬁnite number of
q ¼ 512 cells is used. Nevertheless, although the cell size distribu-
tion of both computational foammodels is identical, distinct differ-
ences are observed in terms of the probability distributions of the
local relative density presented in Fig. 8(d) where the scatter band
width for the structure generated by the d-Voronoï procedure is
approximatly twice of the scatter band width for the structure gen-
erated by means of a Voronoï tesselation in Laguerre geometry.
This effect is caused by the occurrence of a non negligible number
of unrealistically slender narrow cells in case of the model gener-
ated by the d-Voronoï process (see Fig. 8(a)), resulting in an inferior
performance of the d-Voronoï process in terms of Kelvin’s (1887)
energetic optimality criterion compared to the Voronoï process in
Laguerre geometry. The presence of these cells leads to an increas-
ing overall summed up length of the cell walls and thus, in con-
junction with the prescribed ﬁxed average relative density to a
decreased cell wall thickness. Furthermore, the local mechanical
behavior of the slender and narrow cells is strongly anisotropic
and thus causes an addtional scatter in the local effective material
response. Hence, care has to be taken in the choice of the procedure
to be employed for the generation of computational models of
structural foams.
5.3. Non linear elastic material response
The local effective stresses are governed by the local effective
stiffnesses in conjunction with the local effective strains. Hence,Fig. 8. Comparison of d-Voronoï procedure and Voronoï procedure in Laguerre geometry
distributions and (d) probability distribution of the local relative density.the scatter of the local effective stresses is governed by the scatter
in the local effective stiffness as it is analyzed in Section 5.2 for the
case of linear elastic cell wall materials together with the scatter in
the local effective strains. Furthermore, the effective stiffness and
the effective strains in general are correlated random variables
due to equilibrium requirements for the stresses (or the stress
resultants) on the microscopic level. Therefore, the effective stres-
ses are investigated in more detail in the following section.
As in Section 5.2, the computational models for the two-dimen-
sional foam micro structure are generated by means of a Voronoï
tesselation in Laguerre geometry using a total of 512 cells and thus
1024 testing volume elements in the modeled part of the micro
structure forming the representative volume element. Different
degrees of micro structural disorder are considered by different
choices of the parameters governing the size distribution of the ori-
ginal circular cells associated with the individual nucleation points.
To enable a direct comparability of the results for different levels of
disorder, a unique average relative density of q ¼ 0:05 for the rep-
resentative volume elements is employed, adapting the cell wall
thickness accordingly.
In order to account for geometry changes especially in the high
compression range, the analyses are performed within the geomet-
rically non linear framework. On the cell wall level, a compressible
Ogden-type hyperelastic material model is assumed. The strain en-
ergy potential of this model is given by
w ¼
Xn
k¼1
lðkÞ
aðkÞ
ðkdev1 ÞaðkÞ þ ðk dev2 ÞaðkÞ þ ðkdev3 ÞaðkÞ  3
 
þ
Xn
k¼1
jðkÞðJ  1Þ2k ð26Þ: (a) d-Voronoï tesselation, (b) Voronoï tesselation in Laguerre geometry, (c) cell size
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kdevk ¼ J
1
3kk ð27Þ
where kk are the principal values of the deformation gradient
whereas J denotes the corresponding Jacobian. Within the Ogden
material model (26), the quantities n and aðkÞ as well as the general-
ized shear and compression moduli lðkÞ and jðkÞ, respectively are
material constants (k ¼ 1; . . . ;n). Throughout the present study,
the material parameters are assumed as n ¼ 2 with a1 ¼ 2,
l1 ¼ 0:5GPa and j1 ¼ 0:6GPa as well as a2 ¼ 2, l2 ¼ 0:1GPa
and j2  1. The material response deﬁned by these parameters is
within the range regarded as typical for polymeric materials. For
small and moderate deformations, an approximately linear uniaxial
microscopic material response is obtained.
The effective material response of the foamed micro structures
is analyzed under uniaxial tensile and compressive prescribed
effective strain states cij. The results are evaluated in terms of
the local effective second Piola-Kirchhoff stress and Green-La-
grange strain components sTVEij and cTVEij , respectively. Due to the
statistically non representative character of the testing volume
elements, strong variations of the local stress strain response
are present on the mesoscopic level. In Fig. 9, the effective global
stress strain characteristics on the level of the entire representa-
tive volume element as well as the local effective stress strain
curves for an arbitrarily chosen subset of four out of 1024 testing
volume elements are presented. Fig. 9(a) is related to uniaxial
compression, whereas the stress strain characteristics for uniaxial
tensile deformation are presented in Fig. 9(b). In the latter, the
slope of the individual curves is deﬁned by the stiffness whereas
the individual maximum strain level, which is in all cases related
to the maximum level of c11 ¼ 0:25 of the applied effective mac-
roscopic strain, is an indicator for the uncertainty in the local
effective strain state. Although only a rather small subset out of
the overall set of results is presented, the correlation of the local
effective stiffness and the local effective strain level is quantita-
tively obvious since steeper local stress strain curves tend to
smaller local strain levels indicated by the ﬁnal point of the
respective curves.
The observed distinct differences in the effective stiffness of the
individual testing volume elements are caused by the activation of
different mechanisms of deformation on the microscopic level,
depending on the geometry of the respective testing volume ele-
ment (see Section 5.2). A stiff behavior is obtained for testing vol-
ume elements with a preferred orientation of the cell walls within
the macroscopic loading direction, since for these cases, longitudi-
nal stretching (or compression) involving large amounts of work
for a speciﬁc deformation is the dominant microscopic mechanism
of deformation. For testing volume elements with a predominant
cell wall orientation perpendicular to the macroscopic loadingFig. 9. Effective global and local stress strain response: (a) undirection, low energy cell wall bending modes are the dominant
micro structural mechanisms of deformation resulting in a weaker
response. Under compression, the situation becomes more com-
plex, since in addition to the micro structural modes of deforma-
tion deﬁned by longitudinal cell wall stretching and transverse
cell wall bending, instabilities due to cell wall buckling develop.
In this context, strong interaction effects between neighboring
testing volume elements have to be expected, since the develop-
ment of instability effects in neighboring testing volume elements
during the loading history may result in a rapid change in the load-
ing situation of the considered testing volume element. Hence, in
addition to the high level of uncertainty in the stresses belonging
to a speciﬁc prescribed strain state on the macroscopic level, multi-
ple kinks are observed in the local effective stress strain character-
istics presented in Fig. 9(a).
In order to investigate the effect of the micro structural disorder
on the effective material response in more detail, the effective
stress and strain components at different selected macroscopic
strain levels are investigated. In Fig. 10(a) and (b), the probability
distributions FðcTVEij Þ of the local effective strain components cTVE11
within the macroscopic loading direction and cTVE22 perpendicular
to the macroscopic loading direction are presented for an uniaxial
macroscopic tensile state of deformation with an applied effective
strain of c11 ¼ 0:025. The probability distributions of the local
effective stress components sTVE11 and sTVE22 within and perpendicular
to the direction of the applied macroscopic strain are presented in
Fig. 10(c) and (d), respectively. In all cases, three different degrees
of micro structural disorder are considered, ranging from a med-
ium level of disorder with VðA=A0Þ ¼ 1 up to a high level with
VðA=A0Þ ¼ 5. In Fig. 11(a) to (d), corresponding expectation values
and variances are presented directly as functions of the micro
structural disorder characterized by the variance VðA=A0Þ of the
cell size distribution.
The expectation values EðcTVEij Þ of the local effective strains with-
in and perpendicular to the macroscopic loading direction coincide
with the corresponding values of the applied macroscopinc effec-
tive strains with c11 ¼ 0:025 and c22 ¼ 0, respectively. As expected,
no effect of the micro structural disorder is observed. The scatter of
both local effective strain components increases moderately with
increasing micro structural disorder due to the increasing probabil-
ity of the presence of testing volume elements where either the
stretching or the bending mechanism is the predominant micro
structural mechanism of deformation. Consequently, the scatter
band width increases.
For the corresponding effective stress components sTVE11 and sTVE22
acting within and perpendicular to the macroscopic loading direc-
tion, respectively, stronger effects are observed. Especially, the
expectation values EðsTVEij Þ tend to decrease with increasing micro
structural disorder. Hence, the geometric uncertainty of the micro
structure does not only affect the scatter of the effective stressesiaxial compressive and (b) uniaxial tensile deformation.
Fig. 10. Effective local strain and stress components in tension, probability distributions: (a) Green-Lagrange normal strain c11 within the global straining direction, (b) Green
Lagrange normal strain c22 perpendicular to the global straining direction, (c) second Piola-Kirchhoff stress s11 within the global straining direction and (d) second Piola-
Kirchhoff stress s22 perpendicular to the global straining direction.
Fig. 11. Effective local strain and stress components in tension, expectation values and variances: (a) Green-Lagrange normal strain c11 within the global straining direction,
(b) Green Lagrange normal strain c22 perpendicular to the global straining direction, (c) second Piola-Kirchhoff stress s11 within the global straining direction and (d) second
Piola-Kirchhoff stress s22 perpendicular to the global straining direction.
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as it has been observed in previous studies (Hohe and Becker,
2005). Consequently, the probability distributions FðsTVEij Þ pre-
sented in Fig. 10(c) and (d) are shifted towards smaller stress levelsfor increasing levels of disorder. Increasing variances VðsTVEij Þ with
increasing variance VðA=A0Þ result in an increasing scatter band
width. Similar as observed in Section 5.2 for the local effective elas-
tic stiffness components, the probability distributions are asym-
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tural disorder increases.
A similar investigation is perfomed considering a uniaxial com-
pressive effective strain state with a prescribed macroscopic strain
of c11 ¼ 0:025. The results for the probability distributions FðcTVEij Þ
of the local effective strain components cTVE11 within the macro-
scopic loading direction and cTVE22 perpendicular to the macroscopic
loading direction are presented in Fig. 12(a) and (b), respectively.
The probability distributions of the corresponding local effective
stress components sTVE11 and sTVE22 within and perpendicular to the
direction of the applied macroscopic strain are presented in
Fig. 12(c) and (d), respectively. Again, three different degrees of mi-
cro structural disorder are considered, ranging from a low level of
disorder with VðA=A0Þ ¼ 0:5 up to a high level with VðA=A0Þ ¼ 4:5.
Compared to the case of uniaxial tension, an increased scatter of
the local effective strain components cTVE11 and cTVE22 is observed. In
this context, it should be noticed that positive tensile local effective
strains cTVE11 and consequently tensile stresses sTVE11 develop in some
of the testing volume elements. Due to strong interactions of
neighboring testing volume elements in conjunction with local
load redistribution caused by the occurrence of instability effects,
a non negligible number of testing volume elements is locally
loaded in tensile modes, although the macroscopic applied strain
is compressive. The probability of the occurrence of local tensile
strain states increases with increasing degree of micro structural
disorder (see Fig. 12(a)) whereas only minor effects of the micro
structural disorder are observed in all other cases.
Again, non symmetric probability distributions with a non neg-
ligible skewness are obtained, especially in case of the local effec-
tive strain component cTVE11 acting within the macroscoping loading
direction (Fig. 12(a)). Hence, the distributions governing the uncer-
tainty in the effective material response of structural foams are
essentially non Gaussian so that a complete assessment requires
the determination of the probability distributions rather than the
consideration of the expectation value and the variance alone.Fig. 12. Effective local strain and stress components in compression, probability distribu
Green Lagrange normal strain c22 perpendicular to the global straining direction, (c) sec
Piola-Kirchhoff stress s22 perpendicular to the global straining direction.Two examples for the deformed conﬁgurations of micro struc-
tures with low and high degrees of micro structural disorder are
presented in Fig. 13(a) and (b) in order to highlight the different
micro structural mechanisms of deformation. For reasons of a more
distinct presentation, an increased level of the applied macroscopic
effective strain of c11 ¼ 0:1 is applied. In the deformed conﬁgura-
tion, the contemporary presence of ranges with high and low levels
of local deformation are clearly visible. Weak local behavior and
thus high levels of resulting local deformation are observed espe-
cially for large cells in the micro structure with a high degree of
disorder in Fig. 13(b). At the same time, a number of Voronoï cells
with nearly unchanged shape is observed in the deformed conﬁg-
uration. In general, these cells feature a high local stiffness due to a
small size and a small number of cell walls or the cells are sur-
rounded by cells with a similar stiffness.
This result coincides with the experimental and numerical re-
sults of other authors (e.g. Papka and Kyriakides, 1994; Silva and
Gibson, 1997; Zhu and Mills, 2000) that the effective mechanical
behavior of two-dimensional cellular structures in the highly com-
pressed range is strongly governed by localized deformations
caused by local micro structural instabilities. Due to the reorienta-
tion of the cell walls, this effect might result in several non classical
effects such as the development of deformation induced negative
(generalized) Poisson’s ratios, as they were also observed in a pre-
vious numerical study by one of the present authors (Hohe and
Becker, 2003). In the present case, the distinct re-orientaion of
the cell walls in the vicinity of highly deformed cells is responsible
for the possible change in sign of the local deformation compared
to the macroscopically applied external deformation observed for
some testing volume elements in the compressive load cases. Since
the mentioned local deformation effects are equally present for mi-
cro structures with both, low and high degrees of micro structural
disorder, only minor effects of increasing degrees of disorder are
observed in terms of the probability distributions presented in
Fig. 12.tions: (a) Green-Lagrange normal strain c11 within the global straining direction, (b)
ond Piola-Kirchhoff stress s11 within the global straining direction and (d) second
Fig. 13. Deformed conﬁguration with examples of cells with high and low local deformation under effective uniaxial compression with c11 ¼ 0:1: (a) low degree of
microstructural disorder and (b) high degree of microstructural disorder.
1002 V. Hardenacke, J. Hohe / International Journal of Solids and Structures 46 (2009) 989–10065.4. Testing volume element size effect
All previous analyses are based on an evaluation directly on the
level of the individual testing volume elements according to Fig. 4
forming the lowest meaningful level for a homogenization analy-
sis. On the other hand, larger substructures deﬁned by multiple cell
wall intersections and the corresponding cell walls might be used
as testing volume elements for the stochastic analysis instead of
the smallest possible ones. Due to self-averaging effects, especially
the scatter of the results will stongly depend on the size of the
underlying testing volume elements.
In order to study the testing volume element size effect in more
detail, an analysis based on patches of several neighboring volume
elements is performed. In this context, the testing volume element
belonging to an individual cell wall intersection is deﬁned as the
patch consisting of all previously used minimum size volume ele-
ments associated with cell wall intersections featuring an Euclid-
ean distance r to the position of the actual cell wall intersection
which is smaller than a prescribed value r0. The effective properties
associated with these patches are determined as the averages of
the respective local effective quantities for all cell wall intersec-
tions belonging to the patch. The averages of the local effective
quantities are determined as the weighted arithmetic averages of
the respective quantities where the area of the smallest possible
testing volume elements associated with the respective cell wall
intersection (see Fig. 4) normalized with the total area of the
new testing volume element forms the weight factor.
As an example, the same material as in Section 5.3 is consid-
ered, concerning both, the cell wall material as well as the micro
structure and its relative density. The computational foam model
is generated by means of the Voronoï process in Laguerre geometry
using 512 Voronoï cells. The representative volume element is sub-
jected to uniaxial macroscopic states of deformation in the tensile
and compressive ranges with c11 ¼ 0:025 and c11 ¼ 0:025,
respectively. The resulting probability distributions FðsTVEij Þ for
the resulting local effective stress components sTVE11 and sTVE22 within
and perpendicular to the macroscopic straining direction (x1-direc-tion) are presented in Fig. 14. In each case, four different radii r0,
normalized with the edge length of the representative volume ele-
ment are considered. The corresponding expectation values EðsijÞ
and variances VðsijÞ are presented in Fig. 15. Two different degrees
of micro structural disorder are considered. For the low degree of
disorder, the cell size distribution features a variance of
VðA=A0Þ ¼ 1 whereas the large degree of disorder is characterized
by a cell size distribution with a variance of VðA=A0Þ ¼ 5.
As it could be expected, a decreasing uncertainty in the local
effective stress components sTVEij is obtained with increasing radius
r0 and thus increasing size of the testing volume elements. Strong
effects are observed especially for small radii r0, where the vari-
ance VðsTVEij Þ features a steep gradient (see Fig. 15). In the same
range, the derivatives of the probability distributions FðsTVEij Þ vary
rapidly with varying size r0 of the testing volume elements. For ra-
dii r0 larger than r0  0:1, the variances VðsTVEij Þ of the local effec-
tive stress components are approaching vanishing values.
Consequently, step like probability distributions FðsTVEij Þ are ob-
tained. For testing volume elements of this size, the disorder effects
are vanishing, indicating that the size approaches the size neces-
sary for statistically representative volume elements. Nevertheless,
even though the variances for r0 P 0:1 are vanishing compared to
their initial values in the limit r0 ! 0, some scatter in the effective
local stress components s TVEij is still present, as it can be observed
from the non inﬁnite slopes of the probability distributions shown
in Fig. 14. No effect of the testing volume element size r0 is ob-
tained in case of the expectation value EðsTVEij Þ. Similar effects
regarding both, the expectation values and the variances are ob-
served for both, tensile and compressive external loading as well
as for both, high and low degrees of micro structural disorder. Dif-
ferences between the effects to be observed are restricted to the
quantitative point of view.
5.5. Correlation
As a ﬁnal investigation, the correlation of the local effective
quantities related to neighboring testing volume elements is
Fig. 15. TVE size effect, expectation values and variances: (a) and (b) low degrees of disorder, stress within and perpendicular to external straining direction, (c) and (d) high
degrees of disorder, stress within and perpendicular to external straining direction.
Fig. 14. TVE size effect, probability distributions: (a) and (b) low degrees of disorder, stress within and perpendicular to external straining direction, (c) and (d) high degrees
of disorder, stress within and perpendicular to external straining direction.
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cal effective quantity YTVE (local effective stress, strain or stiff-
ness) between testing volume elements no. i and j, the
difference
DYTVEðijÞ ¼ jYTVEðjÞ  YTVEðiÞj ð28Þis employed. For strong correlations between the local effective
properties of neighboring testing volume elements, only small val-
ues should be obtained for small Euclidean distances r between the
positions of the two testing volume elements whereas arbitrary val-
ues DYTVEðijÞ even for small distances indicate a weak or vanishing
correlation.
1004 V. Hardenacke, J. Hohe / International Journal of Solids and Structures 46 (2009) 989–1006In order to study the effect of the correlation between the local
effective properties of neighboring testing volume elements, the
differences DcTVEðijÞij of the local effective strain components accord-
ing to Eq. (28) are determined for all possible pairs ði; jÞ of testing
volume elements in the problem considered in Section 5.4. Due
to the large number of 512 Voronoï cells (corresponding to a num-
ber of 1024 testing volume elements), a huge amount of data is ob-
tained. A restricted subset of this raw data base consisting of every
400th data point is presented in Fig. 16 depending on the distance r
normalized with the edge length of the representative volume ele-
ment. Since an evaluation of possible effects in terms of this pre-
sentation is difﬁcult, subsets are considered, consisting of all data
obtained for a small distance range deﬁned by r  Dr. The subsets
of the total data base are analyzed in terms of the resulting prob-
ability distributions. The results are presented in Fig. 17.
For the tensile macroscopic load case, equal probability distri-
butions for both, the local effective strain components cTVE11 within
the macroscopic straining direction and the component cTVE22 per-
pendicular to this direction are obtained, whether a low or a high
degree of micro structural disorder is considered. This result shows
that no distinct effect of the Euclidean distance r between two test-
ing volume elements on the relation of their effective mechanical
properties is present. In contrast, a correlation effect is observed
under compressive external loading. In this case, increasing accu-
mulated probabilities are obtained for small differences DcTVEij , if
the distance r of the considered testing volume elements de-
creases. Hence, the local effective strains for testing volume ele-
ments with small distances are found to be correlated under
compressive macroscopic loading, although the effect is weak.
The reason for the presence of a correlation under compression,
which is not observed under macroscopic tension is the possible
formation of clusters of bands with strain localizations under com-
pression (Silva and Gibson, 1997), which is also observed in Fig. 13
analyzing the deformed conﬁguration under compressive loading
conditions.Fig. 16. Correlation, raw data: (a) and (b) tensile external strain, low and high degrees
degrees of micro structural disorder.6. Conclusions
The present study is concerned with a probabilistic homogeni-
zation analysis of two-dimensional model foams investigating
the effect of micro structural disorder on the effective mechanical
properties of the material. In contrast to previous analyses either
consisting of a single analysis or a limited number of analyses of
a large scale computational foam model or consisting of the re-
peated execution of analyses of a small scale foam model in a
Monte Carlo simulation, a different approach is proposed. This ap-
proach consists in a single analysis of a large scale, statistically rep-
resentative computational foam model. The results of the analysis
are evaluated on the base of local testing volume elements as sub-
sets of the entire representative volume element. This approach
overcomes the problems of limited stochastic information or lim-
ited freedom in the development of the micro structure due to
the use of small scale foam models in previous studies. Another
advantage is the fact that the analysis of the scatter in the effective
material response can be performed on every feasable length scale.
This feature is important, since the scatter in the effective material
response is strongly related to the considered length scale. Due to
self-averaging effects, the scatter decreases with increasing sample
sizes.
In most of the analyses performed in the present study, the
assessment of the uncertainty of the material is performed on
the lowest possible length scale, using testing volume elements
consisting of a single cell wall intersection and half of the corre-
sponding adjacent cell walls as the smallest meaningful subsets
of the representative volume element for a local homogenization
analysis. Nevertheless, the approach can easily be modiﬁed to-
wards an assessment of the scatter on larger length scales by
recombining adjacent ones of the smallest possible testing volume
elements to larger elements. Hence, the probabilistic homogeniza-
tion procedure proposed in the present study provides a tool for
the assessment of the material uncertainties of micro structurallyof micro structural disorder, (c) and (d) compressive external strain, low and high
Fig. 17. Testing volume element size effect, probability distributions: (a) and (b) low degrees of disorder, strain within and perpendicular to external straining direction, (c)
and (d) high degrees of disorder, strain within and perpendicular to external straining direction.
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als, on every desired length scale larger than the smallest meaning-
ful one as governed by the characteristic dimensions of the micro
structure. Although only two-dimensional examples are consid-
ered in the present contribution, the proposed method can be ex-
tended to the three-dimensional case in a straight forward manner.
In an application of the proposed procedure to an uncertainty
analysis of structural foams, strong effects of the micro structural
disorder on both, the mean effective material response and the cor-
responding scatter are observed, especially in the ﬁnite strain
range. Hence, the use of regular periodic foam models in a numer-
ical homogenization analysis of structural foams and other dis-
tinctly disordered media might provide inadequate results for the
effective material behavior, even if only the mean stress-strain re-
sponse is considered. The scatter of the effective stresses is found
to be governed by both, the scatter in the effective stiffness to-
gether with the scatter in the local effective strains. Due to the pos-
sible activation of different micro structural modes of deformation,
the local effective strains might be subject to a distinct scatter
around their expectation value, especially in the compressive range
of the effective deformation. The two sets of random variables, the
local effective stiffness and the local effective strain components,
are highly correlated rather than independent random variables.
Hence, an exclusive consideration of the local effective stiffness
components might be insufﬁcient.
In the context of an uncertainty analysis of the effective stress
and strain components, probability distributions with in some
cases strong asymmetric shapes with non negligible skewness
are obtained. Hence, the probability density distributions for the
mechanical ﬁeld quantities are essentially non Gaussian. Therefore,
a reliable probabilistic homogenization analysis has to be per-
formed directly in terms of the probability distributions of the con-
sidered quantities instead of an exclusive assessment in terms of
integral parameters as the expectation value and the variance,
although these parameters are important means for characteriza-
tion of the cross relations between the geometric uncertainty ofthe micro structure and the induced material uncertainty on the
macroscopic level of structural hierarchy.
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